Abstract. Let k be a field of characteristic p and V a finite-dimensional k-vector space. An element g 2 GL.V / is called a bireflection if it centralizes a subspace of codimension less than or equal to 2. It is known by a result of Kemper that if for a finite p-group G Ä GL.V / the ring of invariants Sym.V / G is Cohen-Macaulay, G is generated by bireflections. Although the converse is false in general, it holds in special cases e.g. for particular families of groups consisting of bireflections. In this paper we give, for p > 2, a classification of all finite unipotent subgroups of GL.V / consisting of bireflections. Our description of the groups is given explicitly in terms useful for exploring the corresponding rings of invariants. This further analysis will be the topic of a forthcoming paper.
Using this it can be shown that all groups consisting of reflections have polynomial rings of invariants. Similarly, there is a class of unipotent groups consisting of bireflections, where the invariant ring is always Cohen-Macaulay: (1) If dim k .V G / D n 1, then kOEV G is a polynomial ring.
(2) If dim k .V G / D n 2, then kOEV G is Cohen-Macaulay.
On the other hand, there are examples of groups consisting of bireflections which do not have a Cohen-Macaulay invariant ring (see [3] , where p D 2 and the group in question is an example of what will be called a "two-row group" below).
A classification of all irreducible bireflection groups has been given by Guralnick and Saxl [5] . However, in the modular case and in the light of Kemper's theorem we are particularly interested in (reducible) unipotent bireflection groups.
Motivated by the above problems in modular invariant theory, this paper considers all finite unipotent subgroups G Ä GL.V / which entirely consist of bireflections, i.e. such that g is a bireflection for all elements g 2 G. We shall call such a group a pure bireflection group. We now define certain classes of groups with this property. Comparing with the unipotent groups consisting of reflections (see Proposition 1.2), we might expect these to be the only types of unipotent pure bireflection group. There are however two exceptional types, which we will briefly describe now and discuss later in more detail: Exceptional groups of type 1 are formally introduced in Definition 7.1 as subgroups of GL.V / with dim k V 5. It is shown in Section 6 that they are isomorphic to subgroups of U 3 , the group of upper unitriangular matrices in SL 3 .k/ (see Proposition 6.5). Exceptional groups of type 2 are introduced in Definition 3.4. They are elementary abelian, isomorphic to subgroups of .k; C/ 3 acting on V of dimension n 6 as described in Definition 7.1 and Proposition 7.3. Now we can describe the main result of this paper, namely the classification of finite unipotent pure bireflection groups in characteristic p > 2: Theorem 1.5 (Main Theorem). Let p D char.k/ > 2 and let G Ä GL.V / be a p-group consisting of bireflections. Then one of the following holds:
(1) G is a two-row group.
(2) G is a two-column group.
(3) G is a hook group.
(4) G is an exceptional group of type 1.
(5) G is an exceptional group of type 2.
This will be proved at the end of Section 3, after the proof of Lemma 3.14.
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The paper is organized as follows: In Section 2 we define our notation and establish elementary properties and formulae for transvections and bireflections, which will be used throughout the paper. Section 3 analyzes pure bireflection groups generated by two (or three) elements. It is here where the exceptional cases mentioned above first appear. The end of Section 3 also contains the proof of Theorem 1.5. Sections 4 and 5 describe the structure of the "standard" unipotent pure bireflection groups, i.e. the two-row, two-column and hook-groups. Similarly Sections 6 and 7 give a detailed analysis of the structure of exceptional groups. Notice that for applications in invariant theory an explicit description of the linear groups, beyond the purely group theoretic structure is essential. Section 8 analyzes maximal pure unipotent bireflection groups over finite fields. These results are useful for the analysis of corresponding rings of invariants, which is the topic of a forthcoming paper.
Basic definitions and formulae
Let V be a finite-dimensional k-vector space. We start with a definition linking subspaces of V with subspaces of the dual space V . Note that G Ä GL.V / acts naturally on V by the rule g. / D ı g 1 for 2 V . For an element g 2 GL.V /, we write ı g 2 End k .V / for the map which takes v 2 V to .g 1/.v/. For a unipotent element g 2 GL.V / the index of g, ind.g/, is the nilpotence-index of ı g , that is c 2 N such that ı c g D 0 and ı c 1 g ¤ 0. The index of a group G Ä GL.V / is defined to be ind.G/ WD max¹ind.g/ j g 2 Gº. For G Ä GL.V /, v 2 V or V we define the stabilizer (or isotropy) subgroup of v to be G v WD ¹g 2 G j g.v/ D vº:
The next lemma will be used many times to move between groups and their dual representations. The proof is straightforward linear algebra and therefore omitted. Lemma 2.2. For G Ä GL.V / the following hold: 
We do this by induction-it is clear for a D 1, and then 
where u 0 2 is as given above. (3) We can see using the first two parts that if 1 
If u 2 2 ku 1 , then we already know that 1 .u 2 / D 2 .u 1 / D 0, so assume u 1 ; u 2 linearly independent. We can see that OEt; V Ä hu 1 ; u 2 i, so we can find a 1 ; a 2 2 k not both zero such that a 1 u 1 C a 2 u 2 2 OEt; V t :
Comparing u 2 terms, we see that
Later we will want to write bireflections as products of transvections. The next lemma will be useful when rewriting and comparing them.
From this we easily see that if G is a unipotent transvection group, then G is abelian if and only if OEG; V Ä V G (see also [4, Lemma 3.5] ). All reflections are bireflections hence reflection groups are bireflection groups and unipotent bireflections include transvections J 2 0 0 I n 2 ! as well as those elements of GL.V / congruent to one of
an "index 3 bireflection, or 0 B @
The finite unipotent groups consisting of bireflections 199 a "double transvection". Here J 2 , J 3 are Jordan 2 and 3 blocks, respectively. If g is a unipotent bireflection, it can be written as either t u for some u 2 V with 2 u ? in the case of a transvection, or as t
3 Special configurations Definition 3.1. Let n 5 and G Ä GL.V / a unipotent group. Let g; h 2 G be bireflections and U D V g C V h . We call g; h a special pair if we can find vectors r 1 ; r 2 ; v 2 V linearly independent such that the following hold:
G form a special pair and G is a pure bireflection group, then we call G an exceptional pure bireflection group (or exceptional group) of type 1, and g; h an exceptional pair.
Lemma 3.2. For g; h 2 GL.V / the following are equivalent:
(1) g; h form a special pair.
and we can find a; b 2 k, O r 1 2 ker. 1 / \ ker. O v / and some 2 2 V linearly independent to 1 and O v such that Proof.
(1) ) (2) Suppose that g; h are a special pair. Then g is an index 3 bireflection so we can find
As V g is n 2-dimensional and O v; u 1 6 2 V g are linearly independent, we can see that
Therefore we can find some
By the definition of a special pair we can find
We find
so h D Q h as required. (2) ) (3) Let g; h be as described in part (2). Then we see thať
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, so they are in the form required.
(3) ) (1) Let g; h be as described in part (3). As v; r 2 and v C r 1 ; 2r 1 C r 2 are linearly independent,
which has dimension n 1. We also find
We can see that for some 0 Ä l; m; n Ä p 1, wherę
We find that 0 D 2m˛1 2l˛2 C .2n lm/˛3 hence G is an extra special group consisting of bireflections with jGj D p 3 . As all 2 G have order p, we see that
are still index 3 bireflections, therefore
Hence any 2 G can be written as
; where a 1 ; : : : ; a 4 2 F 2 and
We see that if a 1 D a 2 , then˛3 D 0, otherwise we must have a i D 0, for either i D 1 or i D 2, in which case˛i 2 k˛3. In any of these cases we see that is a bireflection, and G is a pure bireflection group. We see from above that exceptional groups of type 1 look quite different when p D 2. This is not the case for our next family of exceptional pure bireflection groups.
Definition 3.4. Let G Ä GL.V / be a unipotent group with g 1 ; g 2 ; g 3 2 G. We call g 1 ; g 2 ; g 3 a special triple if there exists r 1 ; r 2 ; r 3 2 V , 1 ; 2 ; 3 2 r
with dim k .r 1 ; r 2 ; r 3 / D dim k . 1 ; 2 ; 3 / D 3 and we can find f 2 k such that
If G is a pure bireflection group, then we call G an exceptional pure bireflection group (or exceptional group) of type 2, and g 1 ; g 2 ; g 3 an exceptional triple.
The finite unipotent groups consisting of bireflections 203 Note that special triples g 1 ; g 2 ; g 3 have the property that the group generated by any pair hg i ; g j i with 1 Ä i < j Ä 3 is a hook group, so they are not an extension on exceptional groups of type 1. Again with exceptional groups of type 2 we need to check that these groups exist. Proposition 3.5. A group G which is generated by a special triple is an exceptional group of type 2, moreover G is elementary abelian of order p 3 .
Proof. Let g 1 ; g 2 ; g 3 be a special triple, so
From their definitions we can see g 1 ; g 2 ; g 3 commute, so for any 2 G,
and for all 2 G, is a bireflection. Therefore G is an exceptional group of type 2, which is an abelian group of order p 3 .
If G Ä GL.V / is a pure bireflection group, then the dual representation is also a pure bireflection group. Since the dual representation of a group is represented by the transpose inverse matrices (with regard to the dual basis), it follows that the dual representation of a hook group is also a hook group, and similarly for exceptional groups of types 1 and 2. However, the dual of a two-row group is a two-column group (and visa versa).
We will show that the above are the only types of pure unipotent bireflection groups for p ¤ 2, to do this we will make regular use of Proposition 2.6. First we show that an index 3 bireflection defines a unique hyperplane and line for any hook group containing it. Lemma 3.6. Let G Ä GL.V /, and g 2 G an index 3 bireflection so we can find 1 ; 2 2 V and u 1 ; u 2 2 V linearly independent such that
If G is a hook group, it has hyperplane U D ker. 1 / and line ku 2 D OEg; OEg; V .
Proof. Let G be a hook group with hyperplane U . If v 6 2 ker.
We have ı g .U / D ku 2 , and thus the line of G must be ku 2 . As OEg; V D hu 1 ; u 2 i, we see that OEg; OEg; V D ku 2 .
We now begin to look at pure bireflection groups generated by two elements.
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Lemma 3.7. Let G D hg; hi be a pure unipotent bireflection group and not a twocolumn or two-row group. Then U D V g C V h < V is a hyperplane with
Furthermore, G is a hook group if and only if ı g .U / D ı h .U / Ä U:
Proof. As h is a bireflection, it follows that dim k .V h / n 2; however, as G is not a two-column group, we have dim
As ı g .w/; ı g ı h .w/ 2 OEg; V , this means that ı h .w/ 2 OEgh; V , hence we see that OEh; V Ä OEgh; V . However, this would mean that
and gh is not a bireflection. So we have dim
G is a hook group with hyperplane U and line ı g .U /. Suppose G is a hook group with hyperplane U 0 and line
This would mean that
The next two lemmas give conditions under which a group generated by two elements is either a two-row, two-column or hook group. It is here we start restricting to odd characteristic.
Lemma 3.8. Let p > 2 and let G D hg; hi be a pure unipotent bireflection group with U D V g CV h . If ı h .U / Ä U , then G is either a hook, two-row or two-column group.
Proof. Assume G is not a two-row or two-column group. We have shown in Lemma 3.7 that U D V g C V h < V is a hyperplane and
We can see that ı g .u/; ı g ı h .u 0 / 2 ku 1 and
and G is a hook group with hyperplane U and line ku 1 .
As OEG; V D OEg; V C OEh; V D hu 1 ; u 2 ; ı g .v/; ı h .v/i has dimension greater than two, the set ¹u 1 ; u 2 ; ı g .v/º must be linearly independent. Looking at the action of gh i on U for 2 Ä i Ä p 1 we find that
We see that ı g .u/; ı g ı h .u 0 / 2 ku 1 and
Using Lemma 2.6 we find
As OEh; V Ä U , we can see that
.v/ 2 ku 1 , so for some
but then ı g .v/; u 1 ; u 2 are not linearly independent and we have a contradiction.
Now we see what happens if our group generated by two elements is not a tworow, two-column or hook group.
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K. Horan and P. Fleischmann Lemma 3.9. Let p > 2 and G D hg; hi a p-group consisting of bireflections, but not a two-row, two-column or hook group. Then U D V g C V h has codimension one, ı h .U /; ı g .U / 6 Â U and v 2 V n U , r 2 U such that ı g .U / D kv and ı h .U / D k.v C r/. We can find c 2 k such that either
Proof. Using Lemma 3.7, we know that if G is not a two-row or two-column group, then U has codimension one. By Lemma 3.8 if G is not a hook group, then
As r 2 U , ı g .r/ 2 kv so
As g is a bireflection and v 2 OEg; V , we know that
As h is a bireflection,
Lemma 3.10. Let p > 2 and let G D hg; hi Ä GL.V / be a p-group. Then G is a pure bireflection group if and only if one of the following holds:
(1) G is a hook group.
(2) G is a two-row group.
(3) G is a two-column group.
(4) G is an exceptional group of type 1. 
We can choose g; h such that
As we are assuming our group is not a two-row group, this means that v; r; ı g .v/ are linearly independent. As r 2 U , we can find s; t 2 k such that ı h .r/ D s.vCr/ and ı g .r/ D tv. We will show that one of the following holds:
(
We do this by looking at the descending commutator series. Firstly we find that OEG; V D hv; r; ı g .v/i. We want to find OEG; OEG; V , so we look at
Hence OEG; OEG; V hı g .v/; t v; cr; s.v C r/i: As G is a p-group, we know that dim k .OEG; V / > dim k .OEG; OEG; V , so two of c; s; t must equal 0. First assume c ¤ 0 and s D t D 0, so r 2 V G . We look at g i h 2 G for 1 < i Ä p 1. Let u 2 U n V g , u 0 2 U n V h ; then using Lemma 2.6,
We have already found ı g .v/; v; r to be linearly independent, and 
Comparing
Comparing V and r terms, we have˛2 D s,˛1 D 0, but comparing ı g .v/ terms, we find i 1 i s D i s, which only holds for i D 1, so we have a contradiction. If s D 0, then we have ı h .v/ D ı g .v/, which can be dealt with using the symmetric argument to the one above where t D 0. We need to exclude p D 2 in the above proposition as we can find additional groups, which do not exist in the odd p case. 
We find that H Š C 2 C 2 so it is an abelian group of order p 2 . This just leaves one non-identity element not given explicitly. As 
we see that H consists of bireflections but is not a two-row, two-column or hook group.
We now want to see what happens if our group has more than two generators. First we want to find non-transvection bireflections. We call G a one-row or onecolumn group, if in Definition 1.4 (1), "n 2" is replaced by "n 1" and in (2), "2" is replaced by "1", respectively. Lemma 3.12. Suppose g 1 ; : : : ; g l are bireflections such that G D hg 1 ; : : : ; g l i is a p-group which is not a one-row or one-column group. Then we can find g 2 G such that V g has codimension two.
Proof. By [8, Proposition 8.2 .12], G consists of transvections if and only if it is either a one-row or one-column group. It follows that either g i is not a transvection for some 1 Ä i Ä l or there exists g 2 G not a transvection which is a product of two transvections. Suppose for some 1 ; 2 2 V ,
If either 1 2 k 2 or u 1 2 ku 2 , we see that g is a transvection. Otherwise V g has codimension two.
We want to be able to use Lemma 3.10 to help us with pure bireflection groups with more than two generators. The next lemma allows us to find a useful subgroup with two generators for groups which are not two-row or two-column groups. Lemma 3.13. Let G be a unipotent bireflection group which is not a two-row or two-column group. Then we can find g 1 ; g 2 2 G such that H D hg 1 ; g 2 i is not a two-row or two-column group.
Proof. By the previous lemma we can pick g 2 G such that V g has codimension two. As G is not a two-column group, we can find 1 2 G such that V g 6 Ä V 1 . If also OE 1 ; V 6 Ä OEg; V then choose g 1 D g, g 2 D 1 and we are done. Otherwise, as G is not a two-row group, we can find 2 2 G such that OE 2 ; V 6 Ä OEg; V . One and only one of the following holds:
In the third case, as V g 6 Ä V 1 and V g Ä V 2 , we can find u 2 V g n V 1 , so
and therefore u 6 2 V 1 2 . As OE 1 ; V Ä OEg; V and OE 2 ; V 6 Ä OEg; V , we can find some v; r 2 V such that r 6 2 OEg; V :
We know that ı 1 .v C r/ 2 OE 1 ; V Ä OEg; V , so r C ı 1 .v C r/ 6 2 OEg; V . Therefore V g 6 Ä V 1 2 and OE 1 2 ; V 6 Ä OEg; V ; so we choose g 1 D g, g 2 D 1 2 .
Now we are able to move up to looking at groups with three generators.
Lemma 3.14. Let p > 2. Suppose G D hg 1 ; g 2 ; hi is a pure bireflection group such that H D hg 1 ; g 2 i is a hook group with hyperplane U and line kv which is not a two-row or two-column group. Then one and only one of the following holds:
(1) G is a hook group with hyperplane U and line kv.
(2) G is an exceptional group of type 1 and either g 1 ; h or g 2 ; h are a special pair.
(3) G is an exceptional group of type 2 and g 1 ; g 2 ; h are double transvections.
Proof. Let G 1 D hg 1 ; hi and G 2 D hg 2 ; hi. Suppose that neither g 1 ; h or g 2 ; h are special pairs (in which case G is an exceptional group of type 1). As both G 1 and G 2 must consist of bireflections up to duality, we only need to consider the following four cases:
(1) G 1 and G 2 two-column groups, (2) G 1 a two-row group, G 2 a two-column group,
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We will use the fact that as H is not a two-column or two-row group, we can see by Lemma 3.7 that U D V g 1 C V g 2 , and we can find u 1 2 V g 1 n V g 2 and
As U is of codimension one, there exists some w 6 2 U such that dim k .kı g 1 .w/ C kı g 2 .w// D 2.
Therefore ı h .U / D ¹0º < kv and G is a hook group with hyperplane U and line kv.
Case 2. If G 1 is a two-row group and G 2 is a two-column group, then
We see that
C v for some c 1 ; c 2 2 k. As G 1 is a two-row group, ı h .u 1 / 2 hv; ı g 1 .w/i. Suppose that G not a hook group. Then v; ı h .u 1 / are linearly independent, so in order for g 1 g 2 h to be a bireflection, OEg 1 g 2 h; V D hv; ı h .u 1 /i D hv; ı g 1 .w/i. This would mean that ı g 1 .w/ C ı g 2 .w/ C ı h .w/ C c 1 v 2 hv; ı g 1 .w/i, ı g 2 .w/ 2 hv; ı g 1 .w/i and G (and therefore H ) is a two-column group, which is a contradiction. Case 3. If G 2 is a hook group but not a two-row or two-column group, then by Lemma 3.7 it has hyperplane
U / D kv, we see that kv 0 D kv, so G is a hook group with hyperplane U and line kv.
Case 4. Suppose G 1 and G 2 are both hook groups which are not two-row or twocolumn groups. Let U 1 D V g 1 C V h and U 2 D V g 2 C V h be the hyperplanes of G 1 and G 2 with lines kv 1 and kv 2 , respectively. If there exists u 2 .V h \U /nV g 1 , then u 2 U 1 so U 1 D V g C ku D U , kv 1 D kv and hg 1 ; g 2 ; hi is a hook group. Similarly if there exists u 2 .V h \ U / n V g 2 . Assume this is not the case. If we take u 1 ; u 2 as defined above, then u 1 2 U 1 n U 2 and u 2 2 U 2 n U 1 . We can see 
From this we see that dim k .
We can assume w 2 V h n U , and as H not a two-row or two-column group, ı g 1 .w/; ı g 2 .w/; v are linearly independent. Since w 2 U 1 \ U 2 , we can see that
We now look at G 3 D hg 1 g 2 ; hi and see that
As OEg 1 g 2 ; V D hı g 1 .w/Cı g 2 .w/; vi ¤ hı g 1 .w/; ı g 2 .w/i D OEh; V , we know that G 3 is not a two-row group. It follows from dim k .
is not a two-column group either. By Lemma 3.7 this means that
we see that G 3 must be a hook group with line k.a 1 ı g 1 .w/ a 2 ı g 2 .w//. As w 2 V h Ä U , we find
As the vectors ı g 1 .w/; ı g 2 .w/; v are linearly independent and ı g 1 ı g 2 .w/ 2 kv, it follows that
then G 0 is an exceptional group of type 2. We can see that for i D 1; 2
is an exceptional group of type 2, and g 1 ; g 2 ; h are double transvections.
Proof of Theorem 1.5. Suppose G is not a two-row, two-column group or exceptional group. By Lemma 3.13 we can find two elements g 1 ; g 2 2 G such that dim k .V g 1 \ V g 2 / < n 2 and dim k .OEg 1 ; V C OEg 2 ; V / > 2. Let N WD hg 1 ; g 2 i.
As G (and therefore N ) consists of bireflections by Lemma 3.10, N must be a hook group with hyperplane U for some U V , and line kv for some v 2 U N . As G is not an exceptional group by Lemma 3.14 for any g 2 G, hg; N i is a hook group with hyperplane U and line kv. Hence OEG; U Ä kv Ä V G , so G is a hook group with hyperplane U and line kv.
Two-column and two-row groups
Now that we know the pure bireflection groups for p ¤ 2 we can start to look at them in more detail. Although we do not have the same classification of pure bireflection groups, two-row, two-column and hook groups are still of interest for p D 2, so we do not restrict to p ¤ 2 for these sections. We start by looking at two-column groups. From here on we shall write K r 1 ;r 2 D K r 1 ;r 2 ; . We look at multiplication between the elements of this set. We now move from looking at a set to looking at a group and its properties. 
:
As kr 2 D ku 2 , we can see that 1 .u 2 / D 0. Then
. As 1 and b 2 agree on r 1 ; r 2 , we can find some 3 2 r
Clearly K r 1 ;r 2 is a two-column group for any r 1 ; r 2 2 V . We check that any two-column group can be written as a subgroup of K r 1 ;r 2 for some r 1 ; r 2 2 V . Lemma 4.6. Let H be a two-column group. If OEH; V H D OEH; V , then H Ä K r 1 ;r 2 for any r 1 ; r 2 2 V such that OEH; V D hr 1 ; r 2 i: If kv D OEH; V H < OEH; V , then H Ä K r 1 ;r 2 for any r 2 2 kv and r 1 2 V such that OEH; V D hr 1 ; r 2 i:
Proof. Suppose H is a two-column group with OEH; V H D OEH; V : If we choose any r 1 ; r 2 2 V such that OEH; V Ä hr 1 ; r 2 i, then any h 2 H can be written as 
Proof. As G is a p-group, we know thatˆ.G/ D G p OEG; G. We have shown in Proposition 4.3 that OEG; G Ä L r 1 ;r 2 , and that G p D ¹eº for p odd and G p Ä L r 1 ;r 2 for p even. Putting this together, we find thatˆ.G/ Ä L r 1 ;r 2 . For 2 r
If g 2 L r 1 ;r 2 , then it commutes with all elements Ä 1 ; 2 ;c so L r 1 ;r 2 Ä Z.G/. If we choose Ä 1 ; 2 ;c 2 Z.G/, then for any We can see that for any 1 ; 2 2 V , G D .K 1 ; 2 / is a two-row group. Results for two-row groups can be obtained by dualizing the results of this section using Lemma 2.2.
Hook groups
We now move on to look at properties of hook groups. First we establish some notation.
Definition 5.1. Let U < V be a hyperplane and fix 0 ¤ v 2 U and w 2 V n U . 
We can look at the action of b u; b u 0 ; 0 on w and on U . We start with w:
Let s 2 U ; then
and so
We see that B U;v is closed under multiplication, the next few propositions look at its group structure. We know that B U;v is special, for k D F p it is extra special so we know we can write it as a central product of copies of extraspecial groups of order p 3 .
Proof. Let ¹e 1 ; : : : ; e n º be a basis for V such that e 1 D v and hx 1 ; : : : ; x n 1 i D U . For 1 Ä i Ä n 2 let H i D hb e iC1 ;0 ; b 0;e i C1 i: The H i are groups of order p 3 and
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Hence H i is extraspecial for 1 Ä i Ä n 2. 
The next proposition relates B c and B U;v . It is useful when looking for generators of B U;v .
Proof. We know G c Ä B U;v . We will show that for any element
We now look at some subgroups of B U;v . 
Exceptional groups of type 1
We now look at the exceptional groups of type 1. In Lemma 3.3 we see that a group generated by a exceptional pair G D hg; hi for p D 2 is quite different to a group generated by a special pair for odd p. To start with we note that g and h have order p 2 and not order p. The center of G also has order p 2 rather than p, and G is not an extra-special group. The types of bireflection we find are also quite different:
is a transvection and not a double transvection for p D 2. We will see in the odd case that exceptional groups do not contain any transvections (Lemma 6.9). For even p exceptional groups of type 1 are part of a larger family of pure bireflection groups containing a pair of elements
for 1 ; 2 ; 3 2 V , u 1 ; u 2 ; u 3 2 V . We have already seen another one of these groups in Example 3.11 but we will not look at them in any detail. We will restrict to p > 2 for this section, we also need n 5 for our definition of an exceptional group of type 1 to make sense. We start by defining some groups containing a special pair, and then show that these are the only possible exceptional groups of type 1. ; where˛1
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WD ¹ r; l;m;n j l; m; n 2 kº; J r; WD ¹ r; 0;0;n j n 2 kº: If r; are fixed in context, we will write l;m;n .
Note that for all l; m; n 2 k, 2m˛1 2l˛2 C .2n C ml/˛3 D 0, so l;m;n is a bireflection. (2) Let l; m; n; l 0 ; m 0 ; n 0 2 k; then l;m;n l 0 ;m 0 ;n 0 D t
We find that
so l;m;n l 0 ;m 0 ;n 0 D lCl 0 ;mCm 0 ;nCn 0 ml 0 . Parts (3)-(6) follow from (2).
We know that X x; is closed under multiplication, we can now start to look at its group properties. Proposition 6.3. We have G WD h l;m;n j l; m; n 2 ki D X r; ;
Proof. By Proposition 6.2 (2) all elements of the group can be written as l;m;n for some l; m; n 2 k, so G D ¹ l;m;n j l; m; n 2 kº D X r; . By Proposition 6. Using the above we see that X r; is isomorphic to a group we recognize. 
Proof. It is easily seen that the map 
V / is also a hook group with hyperplane U 3 D ker. 3 / and line v 3 and
Proof. For any u 2 ker. 1 /\ker. 2 / we see that ı t .u/ 2 kr 2 \k.2r 1 Cr 2 / D ¹0º so we can find r 3 ; r 4 2 V such that t D t 1 r 3 t 2 r 4 : As ker. 2 / 6 Ä ker. 1 /, we see that r 3 2 kv 2 and similarly r 4 2 kv 1 , so we can find some a; b 2 k such that
as above, then we see that for some c 1 ; c 2 ; c 3 ; c 4 2 k, Lemma 6.7. Let g 1 D 1;0;0 , g 2 D 0;1;0 and 2 GL.V /. If G D hg 1 ; g 2 ; i is a pure bireflection group, then either is a double transvection and for some a 2 k, D 0;0;a or is an index 3 bireflection and g 1 ; or g 2 ; are a special pair.
Proof. Let z D 0;0;1 , G 1 D hg 1 ; z; i and G 2 D hg 2 ; z; i. As G 1 , G 2 are not two-row or two-column groups, by Lemma 3.14 each could be a hook group, exceptional group of type 1 or exceptional group of type 2. As g 1 is an index 3 bireflection, G 1 is not an exceptional group of type 2. As z is a double transvection, if G 1 is an exceptional group of type 1, then g 1 ; are an exceptional pair. Similarly either G 2 is a hook group or g 2 ; are an exceptional pair. Suppose both G 1 and G 2 are hook groups. As g 1 is an index 3 bireflection, we see by Lemma 3.6 that G 1 has hyperplane ker. 1 / and line kr 2 . Similarly G 2 has hyperplane ker. 2 / and line k.2r 1 C r 2 /. Using Lemma 6.6, we can find some a; b 2 k such that D t : As r 1 ; r 2 2 ker. 1 / \ ker. 2 /, we see is a double transvection.
Let G 3 D hg 1 g 2 ; z; i. Using Lemma 3.14 again, G 3 is either a hook or an exceptional group. As g 1 g 2 is an index 3 bireflection, it is not an exceptional group of type 2, and as ; z are double transvections, G 3 is not a exceptional group of type 1. This implies that G 3 is a hook group. We know that and OEg 1 g 2 ; OEg 1 g 2 ; V D k.r 1 C r 2 /: By Lemma 3.6, k.r 1 C r 2 / is the line of G 3 , and U D ker. 1 C 2 / is the hyperplane. Let u 1 ; u 2 2 ker.v / such that i .u j / D´1 if i D j; 0 otherwise; for i; j 2 ¹1; 2º. We can see that u 1 u 2 2 ker. 1 C 2 / D U , and so we find ı .u 1 u 2 / 2 k.r 1 C r 2 /, 2ar 1 C .a b/r 2 2 k.r 1 C r 2 /. For this to happen we must have b D a and then D 0;0;a .
We can now prove that all exceptional groups of type 1 are as described above. If G 6 Ä X r; , then we can find 2 G n X r; . If G consists of bireflections, then hg 1 ; g 2 ; i consists of bireflections so by Lemma 6.7 if 6 2 X r; , then either g 1 ; or g 2 ; are an exceptional pair. Without loss of generality we can assume g 1 ; are an exceptional pair. By Lemma 3.2 we can find a; b 2 k, r 3 2 ker. 1 / \ ker.v / and 3 2 V linearly independent to 1 and v such that 
:
As z 0 is not an index 3 bireflection, it cannot be part of an exceptional pair so because hg 1 ; g 2 ; z 0 i must be a pure bireflection group by Lemma 6.7, z 0 D 0;0;c for some c 2 k. Then 
As 1 is linearly independent to 2 and 3 , we can find some u 1 2 V such that This allows us to say more about exceptional groups of type 1.
Corollary 6.9. If G is an exceptional group of type 1, then it contains no transvections and any double transvections in G are contained within J r; , which is a tworow and two-column group.
Corollary 6.10. If k D F p , for fixed r; , there is only one exceptional group of type 1 which is an extra special group of order p 3 which is isomorphic to M.p/.
Proof. If G is an exceptional group of type 1 then by the above proposition we have G Ä X r; for some r; , however G has no non-trivial subgroups which contain a special pair, so G D X r; . We can see thatˆ.G/ D OEG; G D Z.G/ D J r; so G is extraspecial, and the order of G is p 3 . As G has no elements of order greater than p, G Š M.p/.
Exceptional groups of type 2
In this section we will treat exceptional groups of type 2, as we have with exceptional groups of type 1 above. Unlike exceptional groups of type 1, many of our results for exceptional groups of type 2 still hold for p D 2, so we do not restrict to odd characteristic when we define some groups containing a special triple. We cannot, however, use our earlier classification results for even characteristic, so we
